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a b s t r a c t
In this paper, first we prove that any graph G is 2-connected if diam(G) ≤ g − 1 for even
girth g , and for odd girth g and maximum degree ∆ ≤ 2δ − 1 where δ is the minimum
degree. Moreover, we prove that any graph G of diameter diam(G) ≤ g − 2 satisfies that
(i) G is 5-connected for even girth g and ∆ ≤ 2δ − 5, and (ii) G is super-κ for odd girth g
and∆ ≤ 3δ/2− 1.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a graph with vertex set V = V (G) and edge set E = E(G). Throughout this paper, only undirected simple graphs
without loops or multiple edges are considered. Unless otherwise stated we use the terminology and definitions of the book
by Chartrand and Lesniak [9].
The set of vertices adjacent to a vertex v is called the neighborhood of v and denoted N(v). A vertex in the neighborhood
of v is a neighbor of v. The degree of a vertex v is d(v) = |N(v)|, and theminimum degree δ = δ(G) (respectively,maximum
degree ∆ = ∆(G)) of G is the minimum degree (respectively, maximum degree) over all vertices of G. A graph is called
r-regular if all of its vertices have degree r . The distance d(u, v) between two vertices u and v in G is the length of a shortest
path between u and v. For S ⊂ V , d(w, S) = min{d(w, s) : s ∈ S} denotes the distance between a vertex w and the set of
vertices S. For every v ∈ V and every positive integer r ≥ 0, Nr(v) = {w ∈ V : d(w, v) = r} denotes the neighborhood of v
at distance r . Similarly, for S ⊂ V , the neighborhood of S at distance r is denoted Nr(S) = {w ∈ V : d(w, S) = r}. Observe
that N0(S) = S. For the sake of brevity we write N(v) and N(S) when r = 1. The diameter of a graph G, written diam(G), is
the maximum distance between any two vertices among all the vertices of G, and clearly diam(G) < ∞ if and only if G is
connected.
A graphG is connected if there is a path between any two vertices ofG. A vertex-cut (respectively, edge-cut) of a graphG is a
set of vertices (respectively, edges), whose removal disconnects the graph. Every graph that is not complete has a vertex-cut.
The vertex-connectivity κ = κ(G) of a graph G is the minimum cardinality of a vertex-cut of G if G is not a complete graph,
and κ(G) = n− 1 if G = Kn for some positive integer n. Furthermore, κ = 1 if and only if G = K2 or G is a connected graph
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with cut-vertices. Similarly, the edge-connectivity denoted by λ = λ(G) is the minimum number of edges whose deletion
disconnects the graph. Clearly κ ≤ λ ≤ δ and the situation λ < δ is precisely the situation where no minimum edge-cut
isolates a vertex. A graph ismaximally connected if κ = δ and it is r-connected if κ ≥ r .
The parameters κ and λ represent the minimum number of vertices, respectively edges, whose removal disconnect
the graph, but no information is given regarding the size or number of components that remain after their removal. To
understand more about the components that remains after a graph is disconnected, the term superconnected [6–8,11] was
introduced. A graph is superconnected, for short super-κ , if all minimum vertex-cuts consist of the vertices adjacent with
one vertex, see Boesch [7], Boesch and Tindell [8] and Fiol, Fàbrega and Escudero [11]. Observe that a superconnected graph
is necessarily maximally connected, κ = δ, but the converse is not true. For example, a cycle Cg of length g with g ≥ 6 is
a maximally connected graph that is not superconnected. A vertex-cut X of G is called a non-trivial vertex-cut if X does not
contain the neighborhood N(u) of any vertex u 6∈ X , thus all the components of G− X must have at least two vertices. The
girth g = g(G) is the length of a shortest cycle in G. Some known sufficient conditions on the diameter of a graph in terms
of its girth to guarantee lower bounds on λ and κ are listed in the following theorem.
Theorem 1. Let G be a graph with minimum degree δ ≥ 2, girth g, minimum edge-degree ξ , connectivities λ and κ . Then
(i) [15] λ = δ if diam(G) ≤ 2b(g − 1)/2c.
(ii) [1] λ ≥ min{δ, 4} if diam(G) ≤ g − 1 for even g.
(iii) [15] κ = δ if diam(G) ≤ 2b(g − 1)/2c − 1.
(iv) [1] κ ≥ min{δ, 4} if diam(G) ≤ g − 2 for even g.
For r-regular graphs, some of the sufficient conditions of Theorem 1 have been improved as shown in the following
theorem.
Theorem 2. Let G be an r-regular graph with r ≥ 2 girth g and connectivities λ and κ . Then
(i) [4] λ ≥ 2 if diam(G) ≤ 2b(g − 1)/2c + 2.
(ii) [4] κ ≥ 2 if any of the following statements hold:
. diam(G) ≤ 2b(g − 1)/2c + 2 when r ≤ 3.
. diam(G) ≤ 2b(g − 1)/2c + 1.
(iii) [4] κ ≥ min{r, 3} if diam(G) ≤ g − 1.
(iv) [4] κ ≥ min{r, 6} if diam(G) ≤ g − 2 for even g.
(v) [5] G is super-κ if diam(G) ≤ g − 2 for odd g.
Some sufficient conditions for r-regular graphs on diameter 2 and 3 can be found in [14]. Hellwig and Volkmann [12]
provide a comprehensive survey of sufficient conditions for a graph to achieve lower bounds on λ and κ . In this paper we
extend Theorem 2 to include nonregular graphs with girth g and minimum degree δ ≥ 2.
2. New results
Our first result extends Theorem 2(ii) to include nonregular graphs with even girth g and minimum degree δ ≥ 2. The
analogous result for graphs with odd girth g is not true as demonstrated by the nonregular graph G with odd girth g = 5
that is obtained by joining two Petersen graphs by an edge. The resulting graph has diam(G) = 5 = g and κ = 1. However,
we improve Theorem 2(ii) by showing that any graph G with diameter at most diam(G) ≤ g − 1 and maximum degree
∆ ≤ 2δ − 1 has κ ≥ 2.
In what follows, the notation [F , S] denotes the edges between two sets of vertices S and F , where F , S ⊂ V (G) and [v, S]
denotes the set of edges between a vertex v and the set of vertices S.
Theorem 3. Let G be a graph with minimum degree δ ≥ 2, maximum degree∆, girth g and diameter diam(G) ≤ g − 1. Then
(a) κ ≥ 2 for even g.
(b) κ ≥ 2 for odd g and∆ ≤ 2δ − 1.
Proof. Assume that κ = 1 and x is a cut-vertex of G.
(a) Since g is even, there exists a vertex v ∈ V (C) such that d(v, x) ≥ g/2 for every component C of G − x otherwise G
contains a cycle of length g − 1. Let C and C ′ be two components of G− x, select two vertices v ∈ V (C) and v′ ∈ V (C ′) such
that d(v, x) ≥ g/2 and d(v′, x) ≥ g/2. Then the diameter diam(G) ≥ d(v, x) + d(x, v′) ≥ g contradicting the hypothesis
that diam(G) ≤ g − 1. Therefore κ ≥ 2.
(b) Theorem 1(i) establishes that λ = δ when g is odd and diam(G) ≤ g − 1. If x is a cut-vertex of G, then the edge-
connectivity λ = δ ≤ |[N(x) ∩ V (C), {x}]| = |N(x) ∩ V (C)| for each component C of G − x. Since G − x has at least two
components 2δ ≤ |N(x)| ≤ ∆, which contradicts the hypothesis∆ ≤ 2δ − 1, hence κ ≥ 2. 
In the following, we establish a lower bound for the connectivity of a graphwith even girth g having diameter diam(G) ≤
g − 2. To do this we require the known result contained in Lemma 1.
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Lemma 1 ([2,10,13,15]). Let G be a graph with girth g, and minimum degree δ. Assume that X is a vertex-cut with cardinality
|X | ≤ δ−1. Then, for any connected component C in G−X, there exists some vertex v ∈ V (C) such that d(v, X) ≥ b(g−1)/2c.
The next Lemma 2 is a generalization of Lemma 2 of [4], including nonregular graphs with minimum degree δ.
Lemma 2. Let G be a graphwith girth g andminimum degree δ ≥ 2. Assume that X is a vertex-cut of G and let C be a component
of G− X with µ = max{d(v, X) : v ∈ V (C)} = b(g − 1)/2c. Then for all v ∈ Nµ(X) ∩ V (C),
|N(v) ∩ Nµ(X) ∩ V (C)| ≥ d(v)− |Nµ(v) ∩ X |.
Proof. Ifµ = 1, then V (C) ⊂ N(X), and clearly |N(v)∩N(X)∩V (C)| = d(v)−|N(v)∩X | for all v ∈ N(X)∩V (C). Ifµ ≥ 2,
then N(v) ⊂ (Nµ(X)∪Nµ−1(X))∩V (C) for all v ∈ Nµ(X)∩V (C) and d(v) = |N(v)| = |N(v)∩Nµ(X)|+ |N(v)∩Nµ−1(X)|.
Assume |N(v) ∩ Nµ(X)| ≤ d(v) − |Nµ(v) ∩ X | − 1, then |N(v) ∩ Nµ−1(X)| ≥ |Nµ(v) ∩ X | + 1. In this case there exist
two different vertices v1, v2 ∈ Nµ−1(X) ∩ N(v) and one vertex x ∈ Nµ(v) ∩ X , such that d(v1, X) = d(v1, x) = µ − 1 and
d(v2, X) = d(v2, x) = µ− 1. Since d(v, X) = µ, then neither the shortest (v1, x)-path nor the shortest (v2, x)-path contain
v. These two paths together with the path of length two v1, v, v2, define a cycle whose length is 2µ = 2b(g − 1)/2c < g ,
which is a contradiction. Therefore |N(v) ∩ Nµ(X)| ≥ d(v)− |Nµ(v) ∩ X |. 
Our next result improves Theorem 1(iv), proving that a nonregular graph G with even girth g , minimum degree δ ≥ 5
and maximum degree∆ ≤ 2δ − 5 has vertex-connectivity κ at least 5.
Theorem 4. Let G be a graphwith even girth g,minimumdegree δ, maximumdegree∆ ≤ 2δ−5, and diameter diam(G) ≤ g−2.
Then κ ≥ 5.
Proof. Observe that the condition δ ≤ ∆ ≤ 2δ − 5 ensures δ ≥ 5. We reason by contradiction assuming that κ < 5.
Theorem 1(iv), asserts that κ ≥ 4, hence assume κ = 4. Let X ⊂ V (G) be a minimum vertex-cut of Gwith|X | = κ = 4 < δ.
LetC be any component ofG−X anddefineµ(C) = max{d(u, X) : u ∈ V (C)}. FromLemma1 it follows thatµ(C) ≥ (g−2)/2
for all components C of G− X . Consider two different components C and C ′ of G− X and observe that
g − 2 ≥ diam(G) ≥ µ(C)+ µ(C ′) ≥ g − 2,
hence every inequality is an equality, thusµ(C) = µ(C ′) = (g−2)/2 and diam(G) = g−2. Consequently Lemma 2 applies
yielding that for all v ∈ N(g−2)/2(X) ∩ V (C),
|N(v) ∩ N(g−2)/2(X) ∩ V (C)| ≥ d(v)− |N(g−2)/2(v) ∩ X |
≥ d(v)− |X |
= d(v)− 4 ≥ 1.
Then we have shown that for all v ∈ N(g−2)/2(X) ∩ V (C) there exists some w ∈ N(g−2)/2(X) ∩ V (C) such that vw ∈ E(G);
moreover, N(g−2)/2(v) ∩ N(g−2)/2(w) ∩ X = ∅, otherwise a cycle of length at most g − 1 is formed.
Let C and C ′ be two different components of G− X . Since diam(G) = g − 2 it follows that for all v ∈ N(g−2)/2(X) ∩ V (C)
and for all v′ ∈ N(g−2)/2(X) ∩ V (C ′), N(g−2)/2(v) ∩ N(g−2)/2(v′) ∩ X 6= ∅. Furthermore, suppose that there exist two
vertices v ∈ N(g−2)/2(X) ∩ V (C) and v′ ∈ N(g−2)/2(X) ∩ V (C ′) such that N(g−2)/2(v) ∩ X ⊂ N(g−2)/2(v′) ∩ X . It suffices
to take any neighbor w′ ∈ N(v′) ∩ N(g−2)/2(X) ∩ V (C ′); since N(g−2)/2(w′) ∩ N(g−2)/2(v′) ∩ X = ∅, it follows that
N(g−2)/2(v) ∩ N(g−2)/2(w′) ∩ X = ∅, which is a contradiction. Therefore we have shown that for all v ∈ N(g−2)/2(X) ∩ V (C)
and for all v′ ∈ N(g−2)/2(X) ∩ V (C ′), N(g−2)/2(v) ∩ N(g−2)/2(v′) ∩ X 6= ∅, N(g−2)/2(v) ∩ (X \ N(g−2)/2(v′)) ∩ X 6= ∅ and
N(g−2)/2(v′) ∩ (X \ N(g−2)/2(v)) ∩ X 6= ∅. Observe that these facts imply in particular that |N(g−2)/2(v) ∩ X | ≥ 2 and
|N(g−2)/2(v′) ∩ X | ≥ 2 for all v ∈ N(g−2)/2(X) ∩ V (C) and for all v′ ∈ N(g−2)/2(X) ∩ V (C ′).
Select a vertex v ∈ N(g−2)/2(X) ∩ V (C). As |X | = 4 and N(g−2)/2(v) ∩ N(g−2)/2(w) ∩ X = ∅ for every w ∈ N(v) ∩
N(g−2)/2(X)∩ V (C)we easily get |N(g−2)/2(v)∩ X | = 2 and N(g−2)/2(w)∩ X = N(g−2)/2(t)∩ X for every two distinct vertices
w, t ∈ N(v) ∩ N(g−2)/2(X) ∩ V (C). Observe that |N(v) ∩ N(g−2)/2(X) ∩ V (C)| ≥ δ − 2, and that any two shortest paths
composed of distinct vertices in N(v)∩ N(g−2)/2(X)∩ V (C) and any vertex in X \ (N(g−2)/2(v)∩ X) cannot share any vertex
in N(X \ (N(g−2)/2(v)∩ X))∩ V (C) otherwise a cycle of length at most g − 2 < g is formed. Then, |N(x)∩ V (C)| ≥ δ− 2 for
each x ∈ X \ (N(g−2)/2(v)∩ X). Applying the same reasoning to the neighbors in N(g−2)/2(X)∩ V (C) of some vertex v′ which
is a neighbor of v, we get |N(x) ∩ V (C)| ≥ δ − 2 for every x ∈ X . Analogously for any other component C ′ 6= C of G − X;
|N(x) ∩ V (C ′)| ≥ δ − 2 for every x ∈ X . Therefore, d(x) ≥ 2(δ − 2) for each x ∈ X , which contradicts our hypothesis that
∆ ≤ 2δ − 5.
Thus we conclude that κ ≥ 5. 
The minimum edge-degree of G, denoted ξ = ξ(G), is defined as ξ = min{d(u) + d(v) − 2 : uv ∈ E(G)}. Next we
extend Theorem 2(v) to include nonregular graphs with girth g and minimum degree δ ≥ 3. To do this, the known results
in Proposition 1 and Lemma 3 and two new results contained in the next Lemmas 4 and 5 are required.
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Proposition 1 ([3]). Let G = (V , E) be a connected graph with girth g and minimum degree δ ≥ 2. Let X ⊂ V be a non-trivial
vertex-cut with cardinality |X | < ξ(G). Then for each connected component C of G− X there exists some vertex v ∈ V (C) such
that d(v, X) ≥ d(g − 3)/2e; furthermore if g is odd, then |N(g−3)/2(v) ∩ X | ≤ 1.
Lemma 3 ([5]). Let G be a graph with odd girth g and minimum degree δ ≥ 3. Let X be a non-trivial vertex-cut with |X | = δ
and assume that there exists a connected component C of G − X such that max{d(u, X) : u ∈ V (C)} = (g − 3)/2. Then the
following assertions hold:
(i) Given u ∈ V (C) such that d(u, X) = (g − 3)/2 and |N(g−3)/2(u) ∩ X | = 1, it follows that d(u) = δ and u has δ − 1
neighbors zi for i = 1, 2, . . . , δ − 1, such that d(zi, X) = (g − 3)/2 and |N(g−3)/2(zi) ∩ X | = 1 for all zi. Moreover,
|N(g−1)/2(u) ∩ X | = δ − 1 and X is a set of independent vertices.
(ii) There exists a (δ − 1)-regular subgraph Γ such that for every vertexw ∈ V (Γ ), dG(w) = δ and d(w, X) = (g − 3)/2.
(iii) If g = 5 then |N(X) ∩ V (C)| ≥ δ(δ − 1).
(iv) If g ≥ 7 then |N(X) ∩ V (C)| ≥ (δ − 1)2 + 2.
Note that from Lemma 3(iii) and (iv) it follows that |[X, V (C)]| ≥ (δ − 1)2 + 2. Next we improve this result proving
that |[X, V (C)]| ≥ δ(δ − 1) for all g ≥ 5. In what follows, Pu,v shall denote a shortest path in G from u to v, hence the
number of edges in Pu,v is equal to the distance from u to v. Moreover, if µ = max{d(u, X) : u ∈ V (C)}where X is a vertex-
cut and C is a component of G − X , we denote the set of vertices in component C at distance µ from X with the notation
F (C) = Nµ(X) ∩ V (C).
Lemma 4. Let G be a graph with odd girth g ≥ 5 and minimum degree δ ≥ 3. Let X be a non-trivial vertex-cut with |X | = δ
and assume that there exists a connected component C of G − X such that max{d(u, X) : u ∈ V (C)} = (g − 3)/2. Let
F (C) = {u ∈ V (C) : d(u, X) = (g − 3)/2}. Then the following assertions hold.
(i) For all x ∈ X there exists a vertex u ∈ F (C) such that d(u, x) = (g − 3)/2 and d(u, y) = (g − 1)/2 for all y ∈ X − x.
(ii) |[x, V (C)]| ≥ δ − 1 for every x ∈ X, and therefore |[X, V (C)]| ≥ δ(δ − 1).
Proof. (i) By Proposition 1, there exists a vertex u ∈ F (C) and δ − 1 vertices z2, . . . , zδ ∈ F (C) ∩ N(u). Let label the
vertices of X = {x1, x2, . . . , xδ} such that d(u, X) = d(u, x1) = (g − 3)/2 and d(zj, X) = d(zj, xj) = (g − 3)/2, j = 2, . . . , δ.
Observe that N(g−3)/2(zi)∩N(g−3)/2(zj)∩ X = ∅ otherwise cycles of length g − 1 would be created. Note that for x := x1 the
lemma is true because vertex u satisfies point (i). Take xj ∈ X − x1 and let us see that zj is the vertex which satisfies point
(i), i.e., d(zj, xk) = (g − 1)/2 for all k 6= j. Suppose that d(zj, xk) = (g − 3)/2 for some k 6= j. Then the shortest paths Pzk,xk
and Pzj,xk both of length (g − 3)/2, joint with the path zj, u, zk form a cycle of length less than g , which is a contradiction.
Therefore N(g−3)/2(zj) ∩ X = {xj} and by the Pigeonhole principle |N(zj) \ F (C)| ≤ |N(g−3)/2(zj) ∩ X | = 1, yielding that
|N(zj) ∩ F (C)| = |N(zj)| − 1. Hence d(zj, xk) = (g − 1)/2 for all k 6= j.
(ii) By Lemma 3(ii), there exists a (δ − 1)-regular subgraph Γ in F (C) such that for every u ∈ V (Γ ) there exists some
xu ∈ X such that d(u, xu) = (g − 3)/2 and d(u, x) = (g − 1)/2 for every x ∈ X − xu. Hence |N(u) \ F (C)| = 1.
Let X = {x1, x2, . . . , xδ} and u ∈ V (Γ ). Suppose that d(u, X) = d(u, x1) = (g − 3)/2 and let z2, . . . , zδ ∈ N(u) ∩ F (C).
Observe that N(g−3)/2(zi) ∩ N(g−3)/2(zj) ∩ X = ∅. Suppose that d(zi, X) = d(zi, xi) = (g − 3)/2, i = 2, . . . , δ. Since
zi ∈ V (Γ ), N(zi) ∩ V (Γ ) = {u, zi1, . . . , ziδ−2} ⊂ F (C) and d(zij, x1) = (g − 1)/2 for every j = 1, . . . , δ − 2 (because
d(u, x1) = (g−3)/2 and both u and zij ∈ F (C) are at distance 2). Therefore |E(Pzij,x1)| = (g−1)/2 and |E(Pu,x1)| = (g−3)/2.
Also, V (Pzij,x1)∩V (Pzih,x1) = {x1} and V (Pu,x1)∩V (Pzij,x1) = {x1} for every distinct j, h ∈ {1, . . . , δ−2}, otherwise there exists
a cycle of length at most g−1. Then |[x1, V (C)]| ≥ δ−1. Reasoning in a similar way for xi it follows that |[xi, V (C)]| ≥ δ−1
for every i = 2, . . . , δ. Therefore |[X, V (C)]| ≥ δ(δ − 1). 
In what follows, we use the sets S+u (v), S=u (v) and S−u (v) introduced in [3] which form a partition of N(v) − u. Let
G = (V , E) be a graph and X ⊂ V , v ∈ V \ X and u ∈ N(v):
S+u (v) = {z ∈ N(v)− u : d(z, X) = d(v, X)+ 1};
S=u (v) = {z ∈ N(v)− u : d(z, X) = d(v, X)};
S−u (v) = {z ∈ N(v)− u : d(z, X) = d(v, X)− 1}.
(1)
Lemma 5. Let G be a graph with odd girth g ≥ 5, minimum degree δ ≥ 3 and maximum degree∆. Let X be a non-trivial vertex-
cut with δ vertices and assume that there exists a component C of G− X such that max{d(u, X) : u ∈ V (C)} = (g − 1)/2. Let
F (C) = {u ∈ V (C) : d(u, X) = (g − 1)/2}.
If diam(G) ≤ g − 2 then the following assertion hold for all u ∈ F (C).
(i) For all x ∈ X, d(u, x) = (g − 1)/2.
(ii) For all x ∈ X, |[x,N(g−3)/2(u) ∩ N(X)]| ≥ 1.
(iii) For all x ∈ X, |[x, V (C)]| ≤ ∆− δ + 1.
(iv) |N(u) ∩ F (C)| ≤ ∆− δ.
(v) |N(u) \ F (C)| ≥ 2 if ∆ ≤ 2δ − 2.
C. Balbuena et al. / Discrete Applied Mathematics 158 (2010) 397–403 401
(vi) If v ∈ N(u) \ F (C), then |S+u (v)| ≤ ∆− δ if ∆ ≤ 2δ − 2.
(vii) There exists some v ∈ N(u) \ F (C) such that |S+u (v)| ≤ max{0,∆− δ − 1} if ∆ < 3δ/2.
Proof. Observe that if diam(G) ≤ g − 2, then any other component C ′ 6= C of G − X must satisfy that max{d(u′, X) : u′ ∈
V (C ′)} = (g − 3)/2. For these components let F (C ′) = {u′ ∈ V (C ′) : d(u′, X) = (g − 3)/2} and note that Lemma 4 applies
for these components C ′. Note also that
for all zj, zk ∈ N(u) ∩ F (C), the sets
N(g−3)/2(zj) ∩ N(X),N(g−3)/2(zk) ∩ N(X)and N(g−3)/2(u) ∩ N(X)
are pairwise disjoint.
(2)
Let u ∈ F (C).
(i) First note that d(u, x) ≥ (g − 1)/2 for all x ∈ X because d(u, X) = (g − 1)/2 by hypothesis. Suppose that there exists
x′ ∈ X such that d(u, x′) ≥ (g + 1)/2. By Lemma 4(i) there exists a vertex u′ ∈ F (C ′), where C ′ 6= C is a component of
G− X , such that d(u′, x′) = (g − 3)/2 and d(u′, x) = (g − 1)/2 for all x ∈ X − x′. Hence,
d(u′, u) ≥ min{d(u′, x)+ d(x, u) : x ∈ X} ≥ g − 1,
contradicting the hypothesis that diam(G) ≤ g − 2.
(ii) Suppose there exists some x ∈ X such that |[x,N(g−3)/2(u) ∩ N(X)]| = 0, then d(x, u) ≥ (g + 1)/2 contradicting (i).
(iii) By Lemma 4(ii), we know that |[x, V (C ′)]| ≥ δ − 1 for all component C ′ 6= C of G − X . As d(x) ≤ ∆, then clearly
|[x, V (C)]| ≤ ∆− δ + 1.
(iv) If u has∆−δ+1 neighbors inF (C), by (2) and (ii) it follows that |[x, V (C)]| ≥ ∆−δ+2 for every x ∈ X , contradicting
(iii). Hence |N(u) ∩ F (C)| ≤ ∆− δ.
(v) If |N(u)\F (C)| = 1, then |N(u)∩F (C)| ≥ δ−1. By (ii), every x ∈ X is adjacent to some vertex in N(g−3)/2(z)∩N(X)
for all z ∈ N(u)∩F (C). Then, from (2) it follows that |[x, V (C)]| ≥ δ which means that d(x) ≥ 2δ− 1 because by Lemma 4
(ii), |[X, V (C ′)]| ≥ δ − 1 for all component C ′ 6= C of G − X . This is a contradiction with the hypothesis that ∆ ≤ 2δ − 2,
then |N(u) \ F (C)| ≥ 2.
(vi) Suppose that |S+u (v)| = s and let u1, . . . , us ∈ S+u (v). Since v 6∈ F (C), d(v, X) = d(v, xv) = (g − 3)/2 for some
xv ∈ X . Moreover, |N(u) \ F (C)| ≥ 2 by item (v), so let z ∈ (N(u) − v) \ F (C). Then d(z, X) = d(z, xz) = (g − 3)/2 for
some xz ∈ X . Observe that xv 6= xz and d(v, xz) ≥ (g − 1)/2 otherwise a cycle of length at most g − 1 would exist. Also by
(i), d(ui, xz) = (g − 1)/2 for all i = 1, 2, . . . , s. Then, V (Puj,xz ) ∩ V (Puk,xz ) = {xz} for j 6= k, otherwise, since uj, uk ∈ S+u (v),
a cycle of length at most g − 1 would exist. Furthermore, since d(u, xz) = (g − 1)/2 and ui ∈ N2(u) for all i = 1, 2, . . . , s, it
follows that V (Pu,xz ) ∩ V (Pui,xz ) = {xz}, otherwise a cycle of length at most g − 1 exists. Thus |[xz, V (C)]| ≥ s+ 1 yielding
∆ ≥ d(xz) ≥ δ + s because of Lemma 4 (ii), hence s ≤ ∆− δ.
(vii) By (vi) we must suppose that |S+u (v)| = ∆ − δ ≥ 1 for every v ∈ N(u) \ F (C), otherwise we are done. Let
u1, . . . , u∆−δ ∈ S+u (v). Clearly S−u (v) 6= ∅.
First, suppose that S=u (v) 6= ∅ and let v′ ∈ S=u (v). Then d(v′, X) = d(v′, x′) = (g − 3)/2 for some x′ ∈ X . By item (i),
d(u, x′) = (g−1)/2, then V (Pv′,x′)∩V (Pu,x′) = {x′} otherwise a cycle of length at most g−2 exists. As d(ui, x′) = (g−1)/2,
then V (Pv′,x′)∩V (Pui,x′) = {x′} and V (Pu,x′)∩V (Pui,x′) = {x′} for all i = 1, . . . ,∆−δ, otherwise a cycle of length atmost g−1
exists. Furthermore, V (Pui,x′) ∩ V (Puj,x′) = {x′} for every distinct i, j = 1, . . . ,∆− δ. Then |[x′, V (C)]| ≥ ∆− δ + 2 which
contradicts (iii), therefore S=u (v) = ∅ for every v ∈ N(u)\F (C). Hence d(v) = 1+|S−u (v)|+|S+u (v)| = 1+|S−u (v)|+∆−δ. If|S−u (v)| = 1 then d(v) = ∆−δ+2 following∆ ≥ 2δ−2 contradicting the hypothesis∆ ≤ 3δ/2−1. Therefore, |S−u (v)| ≥ 2.
By (iv), |N(u) ∩ F (C)| ≤ ∆ − δ so that there are d(u) − ∆ + δ ≥ 2δ − ∆ vertices in N(u) \ F (C). Let v1, . . . , v2δ−∆ in
N(u) \ F (C). Since |S−u (vi)| ≥ 2 for every i = 1, . . . , 2δ − ∆, and clearly N(g−5)/2(S−u (vi)) ∩ N(g−5)/2(S−u (vj)) ∩ X = ∅ for
i 6= j, i, j = 1, . . . , 2δ −∆, we have
δ = |X | ≥
2δ−∆∑
i=1
|N(g−5)/2(S−u (vi)) ∩ X | ≥ 2(2δ −∆).
Since∆ < 3δ/2 it follows that |X | ≥ 4δ − 2∆ ≥ δ + 1, which is a contradiction, concluding that |S+u (v)| ≤ ∆− δ − 1. 
Theorem 5. Every graph G with odd girth g, δ ≥ 3 and∆ ≤ 3δ/2− 1 is super-κ if diam(G) ≤ g − 2.
Proof. For g = 3 the diameter is D ≤ g− 2 = 1, then G is a complete graph and the result is true. For g ≥ 5, suppose that G
is not super-κ , then κ ≤ δ. By Theorem 1(iii), κ = δ. Let X be a non-trivial vertex-cut with |X | = δ. For every component C of
G−X , letµ(C) = max{d(u, X) : u ∈ V (C)}. Then, by Proposition 1,µ(C) ≥ (g−3)/2. Let C and C ′ denote two components
of G− X . If µ(C), µ(C ′) ≥ (g − 1)/2, given u ∈ V (C) such that d(u, X) = µ(C) and u′ ∈ V (C ′) such that d(X, u′) = µ(C ′),
then the diameter
diam(G) ≥ d(u, u′) ≥ d(u, X)+ d(u′, X) = µ(C)+ µ(C ′) ≥ 2(g − 1)/2 = g − 1,
which contradicts the hypothesis. Therefore, there exists at most one component, C , such thatµ(C) = (g − 1)/2, and every
other component C ′ 6= C must have µ(C ′) = (g − 3)/2.
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Fig. 1. A graph with girth g = 5, diameter diam(G) = g − 2 = 3, minimum degree δ = 3 and maximum degree∆ = 4 which is non-super-κ .
Suppose there are no components C such that µ(C) = (g − 1)/2 then every component has µ(C) = (g − 3)/2. Let C1
and C2 denote two components of G − X . By Lemma 4, δ∆ ≥ |[X, V (G)]| ≥ |[X, V (C1)]| + |[X, V (C2)]| ≥ 2δ(δ − 1). Then
∆ ≥ 2δ − 2 which contradicts the hypothesis∆ ≤ 3δ/2− 1 since δ ≥ 3.
Then, there exists a component, C , such that µ(C) = (g − 1)/2.
Let F (C) = {u ∈ V (C) : d(u, X) = (g − 1)/2} and take u ∈ F (C), then d(u, X) = (g − 1)/2.
By Lemma 5(v), |N(u) ∩ F (C)| ≤ ∆ − δ. Suppose that |N(u) ∩ F (C)| = t with t ∈ {0, . . . ,∆ − δ}. Since the sets
N(g−3)/2(u′) ∩ N(X) ∩ V (C) are pairwise disjoint for all u′ ∈ N(u) ∩ F (C), by Lemma 5(ii) every x ∈ X satisfies∣∣∣∣∣
[
x,
⋃
u′∈N(u)∩F (C)
N(g−3)/2(u′) ∩ N(X) ∩ V (C)
]∣∣∣∣∣ ≥ t. (3)
For every v ∈ N(u)\F (C) clearly |S−u (v)∪S=u (v)∪S+u (v)| ≥ δ−1; as by Lemma5(vi), |S+u (v)| ≤ ∆−δ, then |S−u (v)∪S=u (v)| ≥
2δ −∆− 1 and by Lemma 5(vii), there exists a vertex v∗ ∈ N(u) \ F (C) such that |S−u (v∗) ∪ S=u (v∗)| ≥ 2δ −∆.
Then, as g ≥ 5∣∣∣∣∣ ⋃
v∈N(u)\F (C)
(S−u (v) ∪ S=u (v))
∣∣∣∣∣ ≥ (2δ −∆− 1)(δ − t)+ 1. (4)
Let us denote A =⋃v∈N(u)\F (C)(N(g−5)/2(v) ∪ N(g−5)/2(S=u (v)))⋂(N(X) ∩ V (C)).
Note that for all v, v′ ∈ N(u) \ F (C) the sets N(g−5)/2(S=u (v)) ∩ (N(X) ∩ V (C)), N(g−5)/2(S=u (v′)) ∩ (N(X) ∩ V (C)),
N(g−5)/2(v)∩ (N(X)∩V (C)) and N(g−5)/2(v′)∩ (N(X)∩V (C)) are mutually pairwise disjoint, otherwise cycles of length less
than g would be created. Then, by the Pigeonhole principle and by (4) we get
|A| =
∑
v∈N(u)\F (C)
|N(g−5)/2(v) ∩ (N(X) ∩ V (C))| +
∑
v∈N(u)\F (C)
|N(g−5)/2(S=u (v)) ∩ (N(X) ∩ V (C))|
≥
∑
v∈N(u)\F (C)
(|S−u (v)| + |S=u (v)|)
≥ (2δ −∆− 1)(δ − t)+ 1. (5)
Since the sets
(⋃
u′∈N(u)∩F (C) N(g−3)/2(u′)
) ∩ (N(X) ∩ V (C)) and A are pairwise disjoint, it follows
|[x, V (C)]| ≥
∣∣∣∣∣
[
x,
⋃
u′∈N(u)∩F (C)
N(g−3)/2(u′) ∩ (N(X) ∩ V (C))
]∣∣∣∣∣+ |[x, A]|. (6)
Then, combining (3), (5) and (6) we have
|[x, V (C)]| ≥ t +
⌈
(2δ −∆− 1)(δ − t)+ 1
δ
⌉
.
As 2δ−∆−1
δ
≤ 1, then
|[x, V (C)]| ≥
⌈
(2δ −∆− 1)δ
δ
+ 1
δ
⌉
=
⌈
2δ −∆− 1+ 1
δ
⌉
.
Further, by Lemma 5(iii), |[x, V (C)]| ≤ ∆− δ + 1, then⌈
2δ −∆− 1+ 1
δ
⌉
≤ ∆− δ + 1,
which allows us to conclude that d 3δ2 + 12δ −1e ≤ ∆ contradicting the hypothesis∆ ≤ 3δ/2−1. Therefore G is super-κ . 
The necessity of the hypothesis ∆ ≤ 3δ/2 − 1 in Theorem 5 is demonstrated in Fig. 1 which depicts a graph G, having
δ = 3 and∆ = 4, odd girth g = 5 and diameter diam(G) = g − 2 = 3 which is non-super-κ .
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Table 1
Current sufficient conditions in terms of the diameter, the girth and the minimum and maximum degrees to guarantee good connectivities.
diam(G) ≤ Odd g Even g Ref.
g + 1 λ ≥ 2 [4]
κ ≥ 2 if G is r-regular for r ≤ 3
g κ ≥ 2 if G is r-regular λ ≥ 2 [4]
κ ≥ 2 if G is r-regular for r ≤ 3
g − 1 λ = δ [15]
λ ≥ min{δ, 4} [1]
κ ≥ 2 if∆ ≤ 2δ − 1 κ ≥ 2 (*)
κ ≥ min{r, 3} if G is r-regular [4]
g − 2 κ = δ [15]
κ ≥ min{δ, 4} [1]
super-κ if∆ ≤ 3δ2 − 1 for δ ≥ 3 κ ≥ 5 if∆ ≤ 2δ − 5 (*)
κ ≥ min{r, 6} if G is r-regular [4]
3. Conclusions
The results obtained in this paper are indicated by a star (*) in Table 1. This table summarizes the current status of the
known sufficient conditions in terms of the diameter diam(G) of a graph G, the girth g and the minimum and maximum
degrees δ and∆ respectively, to guarantee certain connectivities in G.
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